Mesh Centered Finite
Differences

T [S NOT POSSIBLE TQ SOLVE FXACTLY the space-time kinetics
equations at each point of space and time. Approximate
methods must be resorted to. Even simple methods based on
space and time separation, such as point kinetics method,
requires the solution of a spatial problem. This spatial solution can only
be obtained by discretisation techniques like finite differences, such as
those of chapter 8, Elementary Numerical Methods in Reactor Statics,

page 79.

It is necessary to perform such a discretisation for the space-time kinet-
ics equations. The approach we take is to proceed with spatial discreti-
sation first, and to keep the time derivatives out of the problem. We get
the so-called semi-discrete form of the space-time kinetics equations.
The study of different time integration schemes is then easier, and they
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will be covered in chapter 16, Time Integration of the Space Time Kinet-
ics Equations, page 187.

We choose to derive here the Mesh Centered Finite Differences,
because it is a widely used method throughout the nuclear industry.
However the approach we take in the derivation is based on modern
nodal theory; extending the method to the analytic nodal method for

example could be done quite easily with this derivation.

Geometry and Notation

The first step is a partition of the reactor core in 2 number of contigu-
ous rectangular parallelepipeds in cartesian geometries, as discussed
in chapter 6, Spatial Mesh Considerations, page 49. The nuclear prop-
erties do not vary spatially within a node, but they are allowed to vary
with time.

A coordinate system origin is chosen, from which the boundaries of
each region or node can be located. The mesh widths are obtained by
taking the differences in the coordinates between these boundaries.
This is shown on Figure 9,“Coordinate System”, page 163.

The parallelepiped (i,j,k) is thus the one for which:
« the x cocrdinates go from x; to x; , ,
» the y coordinates go from y; toy; .,

» the zcoordinates go from z; to z,  ,
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The widths of the parallelepiped (i,j,k) are thus

M . X = —
L4 lnX.hi-—xi_,_l xi

* inZ:hﬁEZk+l_Zk

The volume of parallelepiped (i,j) is then Vi, = h¥ - hy - hZ.

FIGURE 9. Coordinate System
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Spatial Discretisation

Once the mesh has been chosen, the next step is a spatial integration of
the space-time kinetics equations on each parallelepipeds, whose
nuclear properties are spatially constant.
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We apply the operator
in+l JYj+l rZk+1
N dx v, dy J dez

to the diffusion equations (20), including the delayed precursor equa-

tions. The average flux in such a region is

_ 1 Xi+1 Yi+a e+
[blijk = T3 Jx_dx L_dy Lkdz[¢(x, ¥, Z,t)]
thhz ' !

and that of the average delayed neutron precursor concentration of
family d

|
hi h} hk

_ Xi+ 1 Yisn Iy v 1
Ce,iik = Lidx Jy, 9y I 7z, 9ZCe(X Y. 7, 1)
This is like applying the theorem of Gauss to replace the space integral
of the divergence of the neutron current by surface integrals. We get for

the flux equations,
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coy—-19 7
Lv]ijklda_t[d)]ijkvijk
= —(0G ¢ Dy i — D), johihs
_([E(Yj + 1)]y, ik {j(yj)]y, ik)hichlzc

— (2 4 )], 55 — D(z),, j)hib] (£Q95)
~ [l Vi + (1 = BYIXPIVELL 18], Vi
D

+ Zl [x&INCe Vi
e =
and for the delayed neutron precursors,

3~ — _
-ﬁcc, ijk Vijp = Be[vzf]gk[d)]ijkvijk = ALCe ik Vi Q%)

We used the following the definitions for the average surface currents

) i Yi+1 Ty +1
UL, 5 = [ dY[ dz{J,(x;, ¥, z, 1)]

h)j(hg ¥j Zy
. 1 J’yjH Jzk+l
UE ) = TRE Y, dy . Az[J (X; 4 1 Vs Z, 1)]
ylz
- _ 1 Jxl*l J'zk+l
[J(Yj)]y'ik = h_i Bk, dx - dz[Jy(x, ¥j 2 )]
xz
_ LA Zy +1
[J(y.l + l)]y. ik = l_‘l thxi dx[zk dZ[Jy(x’ y_] + 1 Z, t)]
xYz
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) i Xi+1 Yi+1
B,y = ) x| ayi,005,2001

]

i 1 Xi+1 Yi+1
B 1 Dl = s J, ax fyjdywz(x, % 24 1o )]

X

=
e

The precursor equations (96) do not present any immediate problems,

given that the average fluxes and the nuclear properties of node (i,j,k)
would be known.

However, the equations for the average fluxes (95) do present a diffi-
culty. Even though these equations represent the exact neutron balance
in node (i,j,k), they bring up the average currents over the six surfaces
of the node. But we do not have the relationship between these average
currents and the average fluxes. The discretisation technique will gen-
erate the sought relationships, which are approximations only, and
which are a characterization of the method. We could then eliminate
the surface currents from (95) and get a system which would involve
only the average fluxes and average delayed precursor concentrations
of the nodes.

A One-Dimensional System Within a Node

In order to eliminate any confusion with regards to the interpretation
of the various terms appearing in the finite difference formulation, we
adopt a rather complex approach in the derivation of the coupling
coefficients. It follows very closely the much more difficult derivation
of many of the modern nodal methods.
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Jean Koclas, Neutronic Analysis of Reactors



Flux Equation ) 167

The first step is to integrate the space time kinetics equations over two
directions at a time. This will generate a system of equations in one
dimension. The solution to this system wiil then provide surface cur-
rents in terms of the average fluxes of neighboring nodes. By repeating
this process for each of the three directions, it will be possible to elimi-
nate from (95) all the surface currents by average fiuxes. We illustrate
this approach in the x direction.

Flux Equation

Let us integrate the space-time Kinetics equations over the y and z
directions inside node (i,j,k). This means applying the operator

¥i+1 Zy 41
__l_kf R
h;hZ ¥s k

to these two equations. We get for the fluxes,
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¥i+1 Ly + |
-1 1 4
[v] ma{lyjdy Lkdl[‘b(xg Y, %, t)] }

Y¥i+1 k+ 1
1 d
_f jdy Lkdza—x[JX(x, Y, Z, t)]

hg,h;‘ y
Yi+1 k41

1
— ds dz—[J (x,vy,2z,t

hg,thj v, 25Uy %, 2.0]

1 IYH Zy 41
1y [elimyat

e Lty 2 0] )

Yi+ 1 T +1
—[3]:: .I_I dy Lkdz[d)(X, Y, Z, )]

¥

Yi+ Zp+ g
(1= BRI zf]ljkhfhkf &y |, dzloxy.2 0]

D ¥i+1 Zy + 1
g Meigish f dy Lkdch(x, y,2,0)

and for the precursors,

Yi+1 Zy + 1
1 &
—2] d dzC.(x,v,z,t
h§h§6tJYj Y Lk 2Ce(%. Y, 2. 1)

(y1+1 Jzk-m
= Bchl hk[vzf]ukJ zde[d)(x, ¥, z, t)] (EQ98)
¥i+1 g+ 1
i
_\eﬁﬁjyjdy Lkdzce(x, Y, 2 t) .
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In order to simplify these expressions, we have to define the following
quantities:

the transverse integrated flux,

Yi+a Zp 41
1 [’
dyJ

b Oy = priply, &, 4ol y,2,0)

the transverse integrated precursor,

i r’, +1 lvzlc +1
Cc(x! t)ijk = ?}15 y]dy Jzkdzcc(xi y’ Z, t)

the transverse integrated x directed current

1 f), Jzk+|
(% 01, = mj dy ], dzld(x,y,2.0)]

the transverse x directed leakage along the y direction,

Zg v 1
1 ,
» the transverse x directed leakage along the z direction,

1 .YJ+I
[F,(x, D] = thJ dy([I(%, ¥, 2y 4 1, ] — Uy(X, ¥, 24, )]

+ thetotal x directed transverse leakage

[S,(x O, = [Fy(x, 0] + [F,05, O,
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Let us note that

[dlijk = I%Li dx[$(x, y,z, t}]

[j(xi)]x,jk = [JK(X, t)]i-ik|x = X;

[j(xi + 1)]x,jk = (% t)]ijk|x - x

which are three of the quantities that appear in the nodal balance equa-
tion.

With all these definitions, the transverse flux equatior: (97)becomes

simply
[V] ﬁ[d)(xv t)]i}'k - —'é;[Jx(xr t)]ijk - [ X t)]ijk
_[E]ijk[‘b(x: t)]ijk + (1 - B)[XP][VEf];Ij‘k{(b(xs t)]ijk (EQ99)
D
+ Zl [xg]}\cce(x, t)ijk
e =
while the transverse precursor equations (98) becornes

é -
acc(x: t)ijk = Be[vz‘f]gi‘k[d)(x’ t)]‘.jk—‘\ecc(xs t)-u-k (EQ 100)

In order to further simplify the underlying algebra, we eliminate the
time derivatives by introducing the exponential transform of the flux
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g—t[d)(x, t)]ijk = [@p]ijk[d)(xa t)]ijk

and of the precursors,

d
e ije = [©08)Ce (%, )5

This permits the transformation of the precursor equations (100),

Be[vzf];lj.k[d)(x! t)]ijk
[mg]ijk A,

Celx, U5 =

and the transverse integrated flux equation (99) becomes

() [Pl O = —a=Uy(x, 01, = [S,(x, 0],
~ [l O + (1 = B NVELT [d(x, O]

D -
+ z [Xg]heBc[v f]ijk[{b(x, t)]ijk

e=1 [wg]ijk + A

We now use the matrix definitions that we have introduced in chapter
5, Matrix Form of the Equations, page 45, to write this last equation in

the much simpler form

%[JX(X, t)]ijk + [E'}ijk[d’(x’ t)]ijk = —[SX(X, t)}ijk (EQ101)

The matrix [Z'] is defined in the following way
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[z‘]jjk = {z]ijk (1- B)[x ][vzf];jk

_ Z [xJIA

e=1 e[ d]uk

B, . {EQ 102)
[vzf],,k + Diag([v]" [']ij)

Equation for the Currents

We still have in equation (101), 2 mixture of fluxes and currents. We
need an extra relaticnship between these variables. Fick’s law will pro-

vide it.

Let us integrate Fick’s law over the two y and z directions in node
(i.j,K).

1 IY,H rkﬂ
th—;{ yjo:iy deZUx(x' ¥, 2, t)]ijk

1 J'Y,n Jzk+1
- d , L
which gives

[Jx(x’ t)]ijk = _[D]Uk'aix'[d)(x: t)]ijk (EQ103)

in terms of the variables defined in the previous section.
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Final Form of the 1-D System

We regroup here the one-dimensional equations (101) and (103)
slightly re-arranged,

3 it e _
2 (o001 + DI 0), =0
—(;%(—[Jx(x: t)]ijk + {2']ijk[¢(x’ t)]ijk = —[Sx(x’ t)]ijk

We can pat all this in a single matrix system, by defining the following
vectors and matrix:

([d)(x, t)]ijk-I

I:‘l’(x’ t)]ijk = l (EQ 104)
[ERCEI
[ﬂ.x(x, t):|ijk = [0] (EQ 105)
- [Sx(x, t)}ijk
o o]
[N] ijk ik (EQ 106)

=] ijk [o]

We can then write in a very compact form the flux and current equa-
tions,
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a_ax-[‘l’(x’ t)]ijk * [N}ijk[‘b(x: t)]ijk = {”-X(X, t)] ik (EQ107)

Finite Difference Approximation

This last equation, together with identical counterparts in the y and z
directions, constitute the starting point of many modern nodal meth-
ods. We limit ourselves here to the derivation of mesh centered finite
differences, which are, in effect, the nodal method of lowest order.

Transverse Leakages

First, let us note that (107) is a non-homogeneous linear equation sys-
tem, because of the transverse leakage term. The formally exact solu-
tion of (107) will then be made from the general solution of the
homogeneous system, plus a contribution from a particular solution of
the heterogeneous system.

This non-homogeneous part can the be viewed has a perturbation act-
ing on the homogeneous solution. The first hypothesis leading to finite
differences is to completely neglect this perturbation. This is the same
as supposing that the transverse leakages [ﬁ_x(x, t):l are essentially
zero. This may seem questionable, but detailed calculations provided
by nodal methods show that these transverse leakages are quite small
compared to the fluxes. Their effect are more important in regions
where the fluxes are highly non-separable, like in corners near the fuel
reflector areas for example. Furthermore, the zero transverse leakage
approximation is compatible with the other hypotheses leading to the

174
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mesh centered finite differences, particularly with the truncation of the

matrix exponentials, which is the subject of the next section.

Solution of the Homogeneous System

The homogeneous version of (107) is

ad
5;[41()(, t)]ijk + [N]ijki:‘l’(xa t)] ijk [0]

and the solution of this can be written formally as

[‘!’(X, t)]ijk - CXP(_[N]ijkx)[A]

where the {:A:’ vector is arbitrary, and depends on the initial values
that we use for [llf(x, t)] ik

If we choose for initial value of [lb(x, t)] ik the value ithasat x = x,

we will have

[d’(xi’ t)]ijk - exp(_[N]ijkxi)[A:'
and then

[a] = e([N] o0 v 0],
so that

[\j;(x, t)]ijk = exp(— [N]ijk(x - Xi))[q'l(xi, tﬂijk (EQ108)
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If, on the other hand, we choose as initial value of the flux on thec other

side of the node, [\b(x, t)] ik has for valueat x = x, , |, we will have

l}‘b(xi + 1» t)]ijk = cxp(— [:N] ijkxi + l) [A]

and the.n

[a] = exP([N]ijka 1)[‘1’(-‘” 1"1)13-,c
so that
[\p(x, t)]ijk = exP([N:[ijk(xi 1= x))[q;(xi+ L t)]ijk (FQ 109)

Exponential Matrix Expansion

The fundamental hypothesis leading to the mesh centered finite differ-
ence approximation is that the matrix exponential found (108) and
(109) can be truncated to low order terms in their expansions. In other

words,

sl = [ Dt - s ], oo

and

[‘IJ(K: tﬂijk = {[ﬂ N [N:Iijk(xi 1T X)}[l[;(xi + 1 t)]ljk {EQ1L)
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Note that these expansions imply a linear variation of the fluxes and
the currents within each of the (i,j,k} nodes. This is a good indication
that the finite differences are not a solution of the true diffusion equa-
tions. Locally, we have linear variations which do not represent the
true intra-node shapes of the fluxes and the currents. We can only
hope that the diffusion equations are better approximated when only

the node averaged quantities are involved.

Relationship Between Average Fluxes and Currents

As we have seen previously, the problem that we have to solve is the
determination of a relationship between the nodal average fluxes and
the average currents over the surfaces that bound the node. The finite

difference approximation gives rise to such a reiationship.

To get the relationship, we integrate (110)and (111) over the x direc-
tion, and divide by the width hi of node (i,j,k).

Integration with yi(x;)

We find, after integration,

sl = {0~ 09, Mo o,

But the vector [\Tf(t):l - is made from fluxes and currents. Let us write
ij
the first portion of this vector, the flux portion. We have
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h}
[‘Tl(t)] Lijk [ﬂ [‘I’(xi’ t)] Lijk E[N] 11,ijk[¢(xi’ t)] L ijk

h! r
2 [N] 12, ijk H'(xi’ t)] 2, ijk

Thus,

h}
[‘T)_Iijk - [d’(x“i’ t)}ijk - TENJ 12, ijk [Jx(xi’ t)]ijk

but by the definition of the matrix [N] ,equation (106),

-1

hy
[‘T’Jijk - [d)(xi’ t)]ijk B E[D]ijk [Jx(xi’ t)ljk (EQ11%)

We see that the finite difference approximation does not involve the
[zfl matrix. This makes the method particularly simple, since we do
not have to take into account the exponential transforms in the cou-
pling coefficients. The mesh centered finite differences do not take into
account the kinetic distortion terms.

Integration with Yi(x;, 1)

We have, after integration,

h
[‘T’(tﬂijk - {[I * E[N—lijk}[qj(xi+ I’ t):lijk

Once again, the vector is made of both fluxes and currents. Writing the
first portion of the vector gives

178
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- hi
[‘T’(t)] 1, ik = [I:l '_\I;(xi, t)} 1,ijk + "Z_[N] ll,ijk['b(xi + t)} 1, ijk

hl
+ -21 [N:I 12, ijk[q’(xi +D tﬂz, ijk

Thus,

- h; -1
[‘T’Jijk = [‘Mxi "rl’t)]ijk-l-?[D]ijk [Jx(xi+1’t)]ijk

We rewrite this last expression for node (i-1,j,k), and we have

hi—1 _
[‘1_3]1— ljk [d)(xi’ t)]ijk + JlT[D]i_lljk [Jx(xg, t)];— g B

Relationship Between Average Fluxes and Currents
We now take the difference between (112) and (113). We find

[5]5!(" [‘T:‘]i— ik [‘b(xi’ t)]ijk B [¢(xi’ t)J ik
hi -1 hi=t.
~ 5 [Dli 3, ©) at 5 (ol L [0 ik

By the continuity of the flux, the first two terms in this equation anni-
hilate each other. By the current continuity, the two currents are the
same. Thus, we get

x - by B y
[¢]ijk B [(b]i— 1jk =“L§. [D:]ijk * T[D]i— ljk)[Jx(xi’ t)Jijk

and finaily
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b ]y =(3 1005+ B ) ) (8 [ o)

which at last gives us the sought relationship between the average sur-
face currents and the average fluxes of the two nodes surrounding the

interfaces.

An identical calculation performed on node (i+1,j,k) would give the
expression

i+1 -1
[:Jx(xi+ 1 t)]ij{(h [D]u+ k2 [D]uk) ((_f’]i-ﬁ-ljk - (T)]ijk)

Coupling Coefficients

In the preceding section, we have found a relationship between the
node average fluxes and currents in the x direction. Similar calcula-
tions could be made in the other two directions, which would give rise

to the following relationships:

X Direction

[0 0]y~ { B + 25 [],_l,k]_l([]uk-[aa]i-”k)

and

[Jx(xi +D t)] itk [“ (_D]. wan T [Dl.-»] \l—d)-‘l * 1jk [¢] ijk,
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¥ Direction

250 O] [ (ol + 2“[1)]%;1“(]“1([@]1,-.:[@Ji,-_lk)

and
[J (Yj+ 1o t)] {h 2“[[)];:1:( + é[D 'JJ [[] ik [&_’ij)
I:Jz(zk’ t)]ijk [ [D]Uk 2 D]uk J_ ([‘T)]ijk B [‘ﬂijk— 1)
and

_hl‘ +1

[J (Zer o t)]uk[ 3 LD:Iuk-l-l 2 [D:IUKJ ([¢J1Jk+l - [$]ijk) ‘

Flux Equation

Finally, we substitute these expressions in the nodal balance equation
(95), to get
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[V]Ukat[]uk ijk hjhf{hi‘z l[ ]]+le > [D:!x;kJ [].4- Uik

-1
+ h)},hk[ [D]ljk 2 [D i— [jk} [‘TJI - 1jk
—1
+hlhx[L[D].|+lk+ Y[D UJ [¢].,+u
-1
. - )
+h;hk[ ]‘J"' b I-D]-F—lkjl ¢]ij—lk
~| t
+hlhjl_ 2 [ Uk"" 2[]1}k ]ljk-!-l

—h;h';

i+ ljk
{EQ114)

]
_h,i,hi‘ 2{;,}”,: 2 fD] _m]
“h’i‘bk_ 2 [D]u-l-lk y[D]uJ
-hihz*—[ol,,k [l ]
P zm.,J

-1
_hi hi [hl‘ -

y -7 uk uk !

[&_’]ijk

D

[2]‘1“[]111( ”k+(1%mh] vzf_]ljk[:luk ijk * z [Xe])‘ CeViik
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Precursor Equations

The precursor equations is given by equation (96),

d = - —
acc,ijkvijk = Be[vzf]gk[¢]ijkvijk - )\cce, ijkvijk (EQ115)

Boundary Conditions

When a node (i,j,k) encompasses a bounidary surface, the expression
for the coupling coefficient will be different from those of centrally
located nodes. First, we set the coupling to quantities that are outside
the domain to 0. We then have to find 2xpressions that relate surface
curreiits 1o the node average fluxes. We must go back to equations
(112) and (113) and to substitute the desired relationship between the
fluxes and currents, for example by using albedos. The resuiting
expression is the substituted in the nodal balance equation of node
(i,j;k). The case of zero current is even easier to take care of, since we
only have to substitute J = 0 on the appropriate surface, which can
be done directly in the nodal balance equation.

Matrix Formulation

We can now express the system of equations for the average fluxes
(114) and for the average precursor concentrations (115) in matrix
form.We use the following numbering scheme: the fluxes are num-
bered according to the position index first, and according to group
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index second. We thus have G blocks of N (=I X J X K) elements
each. We also include D blocks of N precursor values. Therefore, we

define a vector containing the following components:

The semi-discrete system of the space-time kinetics equations is then
written

f 21 = Wl o

where the inverse of the diagonal matrix containing the volumes
divided by the velocities for the flux part and ones for the precursor
parts has multiplied the matrix containing the coupling coeffi-

184
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cients.The resulting matrix has the structure illustrated Figure 10, “H-

Matrix Structure”, page 185.

FIGURE 10. H-Matrix Structure

N
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